Stereo x-ray radiography attracts increasing attention in major clinical applications. The purpose of this paper is to analyze the 3D localization error for breast biopsy procedures and provide guidelines for improving its accuracy. Our prototype is a CCD based digital stereo x-ray imaging system. The mathematical model consists of two x-ray sources and one stationary detector plane. A closed form least-squares solution is derived for 3D localization of feature points, particularly a biopsy needle tip, from a pair of 2D digital radiographs. Based on the least-squares formula and its first order approximation, the 3D localization error is analyzed in terms of object location, measurement error, separation between the two x-ray sources, and distance from the source to the detector. The stereo imaging and error estimation formulas are numerically simulated and experimentally validated. The data are in agreement with theoretical prediction. These results can be used for the purpose of system design and protocol optimization.
I. INTRODUCTION
Stereo image guidance is an active area of investigation. For instance, digital stereotactic breast biopsy has been developed and successfully used in clinical practice.
1 Similar techniques and applications include stereo angiography and stereo image guided neurosurgery, etc. [2] [3] [4] [5] Different from the conventional planar radiography which projects a three-dimensional object onto a two-dimension image plane, stereology is the science of determining depth information of an object based on multiple planar ͑two-dimensional͒ views. Stereology is also different from some ''true'' three-dimensional reconstruction technologies such as CT or MRI. It provides us with a low dose and high speed method for recovering limited, but clinically necessary, three-dimensional ͑3D͒ information during image guidance. This feature makes possible the development of a real time stereo fluoroscopic image guidance system. Stereo imaging has been studied for decades, both in the field of machine vision [6] [7] [8] [9] [10] [11] [12] [13] [14] and medical imaging. [15] [16] [17] [18] [19] [20] [21] One of the primary problems in stereo guidance is the accuracy of object localization. This problem is governed by the schemes of the stereo image system, its inherent parameters and object location in space. This accuracy analysis deals with the problem of how measuring errors affect the 3D object localization. Another related topic is sensitivity analysis. This concerns the positional variation of the object in 3D space, such as the movement of a biopsy needle, and its corresponding measurements.
There are two common schemes of stereo imaging that can be used in breast biopsy. These are shown in Fig. 1 . One design fixes the image receptor in space. Using an x-ray source in two different positions, a stereo pair of images is acquired. Another design allows the image receptor to rotate with the x-ray tube during the stereo imaging. In this design, the primary x-ray beam remains perpendicular to the image receptor. If real-time stereo image guidance is required, two allied image receptors can be used with two x-ray tubes to acquire a pair of stereo images simultaneously. The procedure of stereotactic guided breast needle intervention has been used in clinical practice for several years. Although the current devices provide acceptable accuracy, 1 errors exist in clinical practice due to various uncertainties. Generally, the sources of errors in breast biopsy may include the lack of system calibration, feature detection error, point mismatch, unexpected abnormality motion, imaging distortion and others. To minimize the errors and ensure that the lesion is targeted correctly, considerable skills are required on the part of physicians or clinicians, and often, the procedure must be repeated. One potential method to improve the accuracy is to make path adjustment during the intervention procedure based on real-time position feedback. The key problem with this method is real-time 3D point localization with clinical acceptable accuracy. It is well known that 3D point localization algorithms can be developed according to a generalized camera model, which takes the form of a 3 ϫ4 matrix mapping 3D world points to 2D image points. However, it is difficult to establish the relationship between the localizing accuracy and the system parameters or measurements from this camera model because of its complexity in general cases. The formulation of this problem may result in a set of nonlinear equations and hence numerical techniques for its solution should be used. A closed form solution to this problem is considered difficult. Our purpose in this paper is to analyze the impact of stereo-system parameters to the accuracy of 3D point localization, such as localizing a micro calcification or a biopsy needle tip, with a specific stereo imaging scheme which includes two x-ray tubes and a stationary imaging plane. A closed form solution in a leastsquares sense was derived for this situation. The results will provide useful guidelines for determining system parameters and improving the accuracy of breast biopsy procedure.
With a clinical stereotactic biopsy system, the primary factors that affect the accuracy of point localization and sensitivity include source-image distance ͑SID͒, object location, and the distance between two x-ray sources. Other system parameters are rarely adjustable in practice. In this paper, we will investigate the relationship between these stereo system parameters and the accuracy and sensitivity of 3D localization. Our prototype is a CCD based digital stereo x-ray imaging system that could make possible a real-time fluoroscopic guidance system. The analysis reported in this paper provided a useful guideline for improving the accuracy of the breast biopsy procedure. The results will be helpful in determining the appropriate geometric parameters based on the requirements of the specific clinical procedures.
II. METHOD

A. Stereo x-ray imaging formula
An elementary x-ray imaging system consists of an x-ray source and an image receptor. The distance from the x-ray source to the image receptor is noted as f in this paper. It is reasonable to assume that the x-ray source is a point source if f is large compared to the focal spot size. In this case, the x-ray imaging system can be illustrated as in Fig. 2 . Let Q(x,y,z) represent the coordinate of the object points in a fixed reference ͑world coordinate system OXY Z͒, which is ruled by the right-hand principle, and the position of the x-ray tube in the world coordinate system is denoted as T(t x , t y , t z ). The perpendicular projection point of the x-ray source onto the image plane is noted as (u 0 ,v 0 ) in the image plane system. The projection of the object point Q(x,y,z) onto the image plane is m (u,v) .
The above imaging model can be described as a 3ϫ4 matrix P with the homogeneous coordinate system:
͑1͒
where k u and k v are the scale factors during the image digitizing procedure. The r 1 , r 2 , and r 3 are the row vectors of the rotation matrix R, which rotates the world coordinate system to make its XY plane align with the image receptor plane. In a homogeneous coordinate system, the threedimensional object point (x,y,z) is represented by (x,y,z,1), and the two-dimensional projection point (u,v) is represented by (wu,wv,w) by adding an extra scalar w. Using matrix P, the relationship between the 2D image projection point m(u,v) and the object point Q(x,y,z) can be expressed as a linear equation: Figure 3 shows a stereo x-ray imaging system, which corresponds to the scheme ͑a͒ in Fig. 1 . Two x-ray sources are separated by distance b. The straight line between the two x-ray tubes is defined as the base line. The imaging plane, which is coordinated by (u,v) , is parallel to the base line, and its distance to the x-ray sources is f . To simplify the analysis, suppose the digitizing scales k u and k v are both FIG. 1. Two schemes for the stereotactic breast biopsy system. Scheme ͑a͒ has a fixed image receptor. The stereo pair is acquired with x-ray tubes from different source positions. Scheme ͑b͒ allows the image receptor to rotate with the x-ray tube during the stereo imaging. The primary geometric parameters are source-image distance ͑denoted as f ͒ and distance between two x-ray tube positions ͑denoted as b͒.
͑2͒
FIG. 2.
The perspective projection model for the x-ray imaging system. The coordinates of the x-ray tube T and object point Q are with respect to the world coordinate system OXY Z. Its projection points on the image plane are expressed with the image plane coordinate system. The relationship between the object point and its projection can be described as a 3ϫ4 matrix P, which is explained in the text.
equal to 1. The origin of the world coordinate system is taken as the center of the base line. Its X axis coincides with the line connected with x-ray tubes. Since the XY plane is aligned with the image plane, the rotation matrix is an identical matrix.
The positions of the x-ray tubes with respect to the world coordinate system are T 1 (Ϫb/2,0,0) and T 2 (b/2,0,0), respectively, and their perpendicular projections on the image plane ͑or principal points͒ are (u 0 ,v 0 ) and (u 0 ϩb,v 0 ) in the image plane system. The object point Q(x,y,z), expressed in the world system, projected onto the image plane, results in two image points m 1 (u 1 ,v 1 ) and m 2 (u 2 ,v 2 ) with respect to each of the x-ray tubes.
According to Eq. ͑1͒, the projection matrices P 1 and P 2 , which correspond to the x-ray tubes T 1 and T 2 , can be expressed as
Using Eq. ͑2͒, we have the following projection equations in a homogenous coordinate system:
wϭz, wϭz
or they can be rewritten as
Putting the above equations together, we get
It can be expressed in matrix form as AXÄB:
Using the least-squares error method, the solution of this equation can be derived as 24, 25 ͑see Appendix A͒:
where, (u 1 Ϫu 2 ) is the disparity of the 3D-point projection of the image pair. In the absence of noise, the v axis of the image plane is parallel to the baseline of x-ray tubes ͑see Fig.  3͒ . We then have (v 1 Ϫv 2 )ϭ0 in the Eq. ͑5͒, and it can be written as
One potential problem is how robust solution ͑5͒ will be for our particular situation. With the least-squares problem for a system AXϭB, if the matrix A is ill conditioned or its condition number is very large, we say it is an ill-posed problem. 25, 26 This implies that the computed solution is probably very sensitive to perturbations of the data. For some ill-posed problems, their condition number might be greater than 10 3 . Formally, the condition number of a matrix is defined as the ratio of its largest singular value to its smallest one ͑refer to the Ref. 2, p. 61͒. With singular value decomposition to the matrix A in Eq. ͑4͒, its condition number can be derived as
The basic stereo x-ray imaging system. The line connecting the two x-ray tubes is called the baseline; the distance between the two x-ray tubes is denoted as b. The origin of world coordinate system XY Z is taken as the center of the baseline. The XY plane is aligned with the image plane. The Z-axis points to the image plane. The source-image distance is f . The principal points of the x-ray sources on the image plane are (u 0 ,v 0 ) and (u 0 ϩb,v 0 ), respectively. The 3D object point Q(x,y,z) with respect to the world coordinate system is projected onto the uv plane, with perspective projection points m 1 (u 1 ,v 1 ) and m 2 (u 2 ,v 2 ), respectively.
and a i3 denotes the ith element in the third column of matrix A. In our situation, suppose we vary the object point height from 3 mm to 20 mm, f from 500 mm to 800 mm and b from 200 mm to 500 mm, then the calculation results using Eq. ͑6͒ show that the condition number varies between 1.85 to 7.27. We could therefore say that A is a well-conditioned matrix, and the least-squares solution ͑5͒ is stable and reliable. The calculation results also show that the robustness of ͑5͒ is mainly governed by the system parameter f and b, and slightly affected by the object position. The condition number is proportional to f and inversely proportional to b. It is also inversely proportional to the distance between the object point and the imaging plane.
B. Localizing accuracy analysis
Effect of geometrical parameters
Generally there are two kinds of error sources that will impact the localization accuracy in the stereo system. One of them is the systematic error contributed by system geometrical parameters, i.e., f and b. Another is the random sampling error caused by uncertainties in image sampling, feature detection and point matching. To clearly show the influences of geometric parameters on the localization accuracy, we disregard the random error in this discussion. Hence, the effect of geometric parameters can be analyzed with Eq. ͑5Ј͒. From this equation, the absolute error ⌬x, ⌬y and ⌬z with respect to f and b can then be expressed by
Taking partial differentials with respect to f and b, and substituting ͑5Ј͒ into the result, yields
It clearly shows that the relative errors of geometric parameters will impact on the 3D accuracy. So the process of x-ray imaging system calibration is obviously important for stereotactic applications. [13] [14] [15] [16] [17] If the stereo imaging system is well calibrated, the systematic errors contributed by geometric parameters can be corrected in the 3D reconstruction process. 18 
Effect of measurement errors
Measurement errors are unavoidable in feature detection during image processing. Assume that ⌬u 1 , ⌬u 2 , ⌬v 1 , and ⌬v 2 are the absolute errors of the measurements of u 1 , u 2 , v 1 , and v 2 , respectively. With Eq. ͑5͒, the absolute error ⌬z can then be expressed by 26 ⌬zϭ ͯ ‫ץ‬z ‫ץ‬u 1
The errors ⌬x and ⌬y have similar expressions. Performing partial differentials with the measurements of u 1 , u 2 , v 1 , and v 2 , and letting ⌬mϭmax(⌬u 1 , ⌬u 2 , ⌬v 1 ,⌬v 2 ), the following inequality can be obtained ͑see Appendix B͒:
And then, the total 3D localization error can be expressed as
Since ͉y/b͉ is usually less than 1/2 ͑see Figs. 1 and 3͒, then the above inequality can be approximated by
This inequality shows that the 3D localization error is inversely proportional to the source-image-distance f , i.e., the localizing accuracy will be improved with the increase of f . On the other hand, the localizing accuracy will get worse with the increasing of z, which is the distance from the x-ray tube to the object. Thus if the geometric parameters are settled in advance, the localizing accuracy will be decreased if the object point is closer to the image plane. Furthermore Eq. ͑10͒ also shows us that increasing b will improve depth accuracy.
Sensitivity to object position
shows that the disparity (u 1 Ϫu 2 ), which is measured from the stereo pair, plays an important role in 3D coordinate determination, particularly for the purpose of depth localization. In a stereo guidance system, we expect that a large disparity will be observed for a slight variation of depth z. This means that the stereo system is very sensitive to the change of object position. To clearly show the relationship between the measured disparity and system parameters, we will perform the sensitivity analysis in the noisefree situation. Using Eq. ͑5Ј͒, let the disparity (u 1 Ϫu 2 ) be denoted as d, then the z component of Eq. ͑5Ј͒ can be rewritten as
Reordering the terms and taking the differential of d with respect to z, we obtain
This demonstrates that the variation of the disparity d is proportional to the system parameters f and b. One of the effective ways to improve the system sensitivity is to increase the separation of the tubes or SID. However, the disparity is inversely proportional to the square of depth z in the above equation, it means that the further the object is from the x-ray tube, the worse the sensitivity. When the object approaches the imaging plane (z approaches to f ), the detected disparity ⌬d becomes smaller and the system is less sensitive. To improve the sensitivity, it is better to place the object further from the imaging plane ͑keep a larger air gap͒ when possible. Figure 4 shows the results of the 3D localization accuracy analysis, according to Eq. ͑10͒. In Fig. 4͑a͒ , we keep the object position fixed to illustrate the effect of the geometric parameters f and b on 3D localization. We let f vary from 500 mm to 800 mm, and we let b vary from 200 mm to 500 mm. As we expected, the 3D localization error is inversely proportional to the parameters b and f if the object position remains unchanged. Figure 4͑b͒ shows the relationship between the 3D localization accuracy and object position (y and z͒ with the system geometric parameters fixed. The result shows that the influence of the object position on the 3D localization accuracy is smaller than the influence of the system geometric parameters.
III. RESULTS
To verify the results of the above theoretical analysis, a computer simulation was performed. According to the perspective projection model of the stereo system described in the preceding section, giving system parameters, the 2D projection coordinates of a 3D point can be obtained. We then added white noise to these ideal coordinates to simulate measurement errors. After which, the 3D object position was recovered from these noisy projection data according to the least-squares solution specified by Eq. ͑5͒. The resultant positioning error was compared with the results of the above theoretical analysis. These are illustrated in Fig. 5 . It shows that the simulation results were consistent with the expected value predicated by theoretical analysis. Figure 6 gives the values of ⌬d with respect to z according to Eq. ͑13͒, where f is assumed to be 600 mm, and b ranges from 100-500 mm with ⌬z remaining as 1.
To verify our results, an experiment was performed using a CCD based prototype. The x-ray machine is a GESenographe 600 T. The x-ray energy was 25 kev, 40 mAs. The stereo pair of images of a biopsy needle was acquired with the x-ray tube rotated Ϯ15°from the center position. FIG. 4 . 3D point localization error of the stereo x-ray system as specified by Eq. ͑8͒. In ͑a͒, the system geometric parameters f and b are variables, with the object position fixed at the position (x,y,z)ϭ(50,50,490). In ͑b͒, the object position (y and z) is variable while f and b are fixed ( f ϭ600 mm, bϭ300 mm͒ to illustrate the 3D localizing accuracy with respect to the different object positions. The system parameter f was 598 mm, and b was 332 mm. The system parameters were determined by means of calibration procedure. A cube phantom consisting of 18 radioopaque points of known positions was employed to calculate the system parameters according to its stereo projections. [16] [17] [18] [19] The calibration error was less than 2%. The image was digitized with a 1024ϫ1024 CCD camera, the pixel sampling rate was 11.4 pixels/mm. The needle position in the z direction was specified accurately with a micropositioner used for optical experiments ͑Newport Co., CA͒. The first needle image pair was obtained at zϭ565 mm ͓Fig. 7͑a͔͒, the detected disparity was dϭ(613-393)/11.4) mm. According to Eq. ͑12͒, the calculated depth is zϭ565.1 mm compared with the real depth 565 mm. Then, we decreased the depth by ⌬zϭ0.5 mm ͓Fig. 7͑b͔͒. With Eq. ͑13͒, the detected disparity should be ⌬dϭ3.6 pixels, our detected result is 4 pixels. Figure 8 compares the theoretical calculation specified by Eq. ͑13͒ and the experiment results. During the experiment, the x-ray tube was rotated Ϯ20°from the center position, making f equal to 582 mm, and b equal to 424 mm. We placed the needle at an original position of zϭ548.5 mm, then manually located the coordinates of the needle tip on the stereo images to calculate the disparity d. Thereafter, the needle position gradually varied in the z direction with 0.5 mm step, and the corresponding disparity values were recorded. The measured disparity values showed an agreement with theoretical calculation.
IV. DISCUSSION AND CONCLUSIONS
The general mathematical model for stereo imaging has been reported extensively in the literature. [6] [7] [8] Our derivation concerns specifically the systems used in stereo image guided breast interventional procedures. In stereo image guided breast biopsy, we are interested in the accuracy and sensitivity of localization. In this report, a closed form solution was obtained using the leastsquares method. This establishes the relationship between the geometric parameters and the 3D location of the object under examination, such as the needle tip and the location of cancer lesions. Based on the least-squares formula, the 3D localization error is analyzed in terms of object location, measurement error, separation between the two x-ray sources, and distance from the source to the detector.
The results of our analysis indicate that the 3D localization error is inversely proportional to the source-imagedistance f , approximately inversely proportional to the x-ray •⌬z. Here, f and b are the geometric parameters of the stereo system, z is the distance from x-ray tube to the object point and ⌬d is the detected disparity.
FIG. 7.
Stereo image pairs for a biopsy needle using a prototype CCD system. The stereo pairs were acquired with f ϭ598 mm and bϭ332 mm. The digital image size was 1024ϫ1024. In image pair ͑a͒, the needle position depth was placed at 565 mm, the detected disparity was d ϭ(613-393)/11.4 mm. The image pair ͑b͒ was acquired after decreasing the depth by ⌬zϭ0.5 mm. With Eq. ͑9͒, the detected disparity should be ⌬dϭ3.6 pixels, our detected result was 4 pixels.
FIG. 8.
The comparison between the theoretical result specified by Eq. ͑13͒ and the experimental results. The increment of object ͑a needle͒ depth z was set as 0.5 mm. The system geometric parameter f was 582 mm, and b was 424 mm. The needle was initially placed in the depth zϭ548.5 mm. The needle tip coordinates on the digital image pairs were manually located within one pixel accuracy.
tube separation b, and increases with parameter z ͑the distance from the object to the x-ray source͒, as summarized by Eq. ͑11͒. On the other hand, the sensitivity is proportional to f and b, but it is inversely proportional to the square of z, as shown in Eq. ͑13͒. The results of our experiments and simulation are in agreement with the theoretical prediction.
One of the effective ways to improve accuracy and sensitivity in stereo guided breast biopsy is to increase the sourceto-detector distance. In addition, we should maintain a larger air gap when possible. However, in clinical practice, too large a source-to-detector distance, or a large air gap, requires heavy tube loading in order to maintain proper x-ray photon flux to the patient. In principle, increasing the separation of the tubes leads to improve accuracy and sensitivity. However, an enlarged separation is not always practical when the fixed detector scheme ͓Fig. 1͑a͔͒ is used. This is because the stereo pair of x-ray images may be projected to the area that is outside of the field of the detector. When a rotatable detector scheme ͓Fig. 1͑b͔͒ is used, the large tubes separation may be employed since the primary x-ray beam remains perpendicular to the image plane. In clinical practice, a balanced trade off between these parameters, according to the requirements of the specific clinical procedure, may lead to an optimized performance. The model presented in this paper provides a practical guideline for such trade offs.
The results presented in this paper were derived from a stereo system scheme ͓Fig. 1͑a͔͒, which has a fixed imaging plane. For the other scheme ͓Fig. 1͑b͔͒, two imaging planes are tilted. In that case, a rotation transform can be performed for each image plane, 23 and then the original image coordinates can be mapped to a pseudo-fixed imaging plane that is parallel to the baseline along the x-ray tubes. With these mathematical treatments, the mathematical model derived in this paper can be adapted.
Several other error analysis approaches based on more generalized imaging models were reported by previous investigators.
11 -13,17-19 The approaches and results are correspondingly more generalized. However, it is difficult to get the exact error expressions with respect to the system factors in these general cases. The formulation of this problem results in a set of nonlinear simultaneous equations in several independent variables and hence the methods that have been proposed are iterative in nature and use some numerical techniques for solution. There appears to be no straightforward analytic solution to the problem in general cases. Our result, a closed form solution in at least squares sense, is more direct, and easy to use in our specific situation where two x-ray sources and one stationary image detector were employed. The results may also be helpful in designing a stereo system for other clinical applications.
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APPENDIX A: THE LEAST-SQUARES SOLUTION OF EQ. "4…
Rewrite the Eq. ͑4͒ as AXÄB, its least-squares solution in a closed-form can be expressed as 24, 25 Xϭ͑A here, the element with ''ϫ'' indicates that its calculation is not necessary, since it will not affect the result because the first two elements of A T B are equal to zero. Now, the least squares solution can be obtained according to ͑A-1͒: 
